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ABSTRACT
Some new classes of general mixed inverse quasi variational inclusions are introduced
and studied. Several important special cases are highlighted as applications of these
problems. The auxiliary principle technique is exploited to suggest some new multi
step iterative methods for solving general mixed inverse quasi variational inequal-
ities. We prove that the convergence of the proposed methods only requires the
partially relaxed strongly monotonicity of the operator and skew symmetric bifunc-
tion, which is weaker than co-coercivity. As special cases, we obtain various known
and new results for solving various classes of variational inequalities and related
problems. These multi step methods include Mann iteration, Ishikawa (two-step)
and Noor (three-step) iterations as special cases..

KEYWORDS
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1. Introduction

Variational inequalities theory provides us with a simple, natural, unified, novel
and general framework to study a wide class of unilateral, obstacle, free, moving
and equilibrium problems arising in fluid flow through porous media, elasticity,
transportation, finance, economics, and optimization. For more details, see [1, 3, 5–
9, 11–14, 17–20, 22–43, 45–56]. This field is dynamic and is experiencing an explosive
growth in both theory and applications; as a consequence, research techniques and
problems are drawn from various fields. Variational inequalities have been generalized
and extended in different directions using the novel and innovative techniques. An
important and useful generalization of variational inequalities is called the general
mixed quasi variational inequality involving the nonlinear bifunction. If the nonlinear
bifunction involving the general mixed variational inequalities is a proper, convex
and lower-semicontinuous with respect to the first argument, then it has been shown
[28–33, 35, 45] that the general mixed quasi variational inequalities are equivalent
to the fixed point and resolvent equations. This alternative formulation was used to
introduce three-step iterations to consider the existence of a solution and iterative

CONTACT Authorc. Email: noormaslam@gmail.com



184	 International Journal of Mathematics, Statistics and Operations Research
Inter. J. Math., Statistics and Operations Research M. A. Noor and K. I. Noor

schemes for solving the quasi variational inclusions. These three-step iterations are
known Noor iterations, which contains Picard method, Mann(one step)iteration and
Ishikawa (two-step) iterations as special cases. Suantai et. al. [51] have also considered
some novel forward-backward algorithms for optimization and their applications
to compressive sensing and image in painting. Noor (three step) iterations have
influenced the research in the fixed point theory and will continue to inspire further
research in fractal geometry, chaos theory, coding, number theory, spectral geometry,
dynamical systems, complex analysis, nonlinear programming, graphics and computer
aided design, see [2–4, 21, 40, 49, 51, 55] In this approach, one has to evaluate the
resolvent operator, which is itself a difficult problem. Secondly resolvent method,
descent methods and their variant forms cannot be extended and modified to suggest
iterative methods for solving the mixed quasi variational inequalities involving the
nonlinear bifunction.
To overcome these drawbacks, the auxiliary principle technique has been developed,
the origin of which can be traced back to Lions and Stampacchia [20]. Glowinski
et al.[14] used this technique to study the existence of a solution of the mixed
variational inequalities. In recent years, Noor [27, 32, 36] used this technique to
suggest and analyze some multi step iterative methods for solving various classes
of mixed quasi variational inequalities. We would like to mention that a substan-
tial number of numerical methods can be obtained as special cases from this technique.

Noor [25, 26, 34, 36] introduced some new classes of variational inequalities involv-
ing an arbitrary operator, which are known as general quasi variational inequalities. It
have shown that nonsymmetric, non-positive and odd order obstacle initial (bound-
ary) vale problems can be studied in the unified frame work of general variational
inequalities. It is worth mentioning that, if the leading operator in these general vari-
ational inequalities is an identity operator, then these general variational inequalities
are known as inverse variational inequalities. For the applications, generalizations,
numerical methods and other aspects of inverse variational inequalities (inclusions),
see [5, 11, 15, 16, 41–43, 52, 53, 56] and the references therein.
In this paper, we explore these ideas and techniques to suggest a class of three step
iterative methods for solving general mixed inverse quasi variational inequalities. The
convergence of these methods requires only that the operator is partially relaxed
strongly monotone and skew symmetry of the bifunction, which is weaker than co-
coercive. Our results can be viewed as a significant and novel application of the recent
results for solving the general mixed inverse quasi variational inequalities. Since gen-
eral mixed inverse quasi variational inequalities include inverse quasi variational in-
equalities and inverse complementarity problems as special cases, our results continue
to hold for these problems. We have only considered the theoretical aspects of these
results. It is an interesting problem to develop some efficient reliable implementable
numerical methods and to consider the comparison with other methods.

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by ⟨·, ·⟩ and
∥.∥ respectively. Let K be a nonempty closed convex set in H. Let φ(., .) : H ×H →
R ∪ {+∞} be a continuous bifunction function.
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For given nonlinear operator g : H → H, consider the problem of finding u ∈ H
such that

⟨u, g(v)− g(u)⟩+ φ(g(v), g(u))− φ(g(u), g(u)) ≥ 0, ∀v ∈ H. (1)

The inequality of type (1) is called the general mixed inverse quasi variational in-
equality. Variational inequality (1) characterizes the Signorini problem with nonlocal
friction. If S is a open bounded domain in Rn with regular boundary ∂S, representing
the interior of an elastics body subject to external forces and if a part of the boundary
may come into contact with a rigid foundation, then the mixed quasi variational in-
equality (1) is simply a statement of the virtual work for an elastic body restrained by
friction forces, assuming that a nonlocal law friction holds. The strain energy of the
body corresponding to an admissible displacement v is ⟨Tv; v−u⟩. Thus ⟨Tv; v−u⟩ is
the work produced by the stresses through strains caused by the virtual displacement
(v − u). The friction forces are represented by the bifunction φ(., .). For the physical
and mathematical formulation of the mixed inverse quasi variational inequalities of
type (1), see [6, 8, 9, 13, 16, 18, 27–30, 32, 33, 38, 45, 49, 56] and the references therein.

Special cases

(1) If the bifunction φ(., .) is lower semi continuous function, then the problem (1)
is equivalent to finding u ∈ H, such that

0 ∈ u+ g(v)− g(u) + ∂φ(g(u), g(u)), (2)

is called the general inverse quasi variational inclusion.
(2) We remark that, if g ≡ I, the identity operator, then problem (1) is equivalent

to finding u ∈ H such that

⟨u, v − u⟩+ φ(v, u)− φ(u, u) ≥ 0, ∀v ∈ H, (3)

which is called the mixed inverse quasi variational inequalities.
(3) We note that, if the bifunction φ(., .) is the indicator function of a closed convex-

valued set K(u) ⊆ H, that is,

φ(u, .) ≡ IK(u)(u) =

{
0, if u ∈ K(u)
+∞, otherwise,

then the problem (1) is equivalent to finding u ∈ K(u) such that

⟨u, g(v)− g(u)⟩ ≥ 0, ∀v ∈ K(u), (4)

is called the general inverse quasi variational inequality [42].

(4) We note that, if φ(v, u) = φ(v), ∀u ∈ H, then problem (1) is equivalent to
finding u ∈ H such that

⟨u, g(v)− g(u)⟩+ φ(g(v))− φ(g(u)) ≥ 0, ∀v ∈ H, (5)
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which is called the general mixed inverse variational inequality.
(5) If φ is the indicator function of a closed convex set K in H, that is,

φ(u) ≡ IK(u) =

{
0, if u ∈ K
+∞, otherwise,

then the problem (5) is equivalent to finding u ∈ K such that

⟨u, g(v)− g(u)⟩ ≥ 0, ∀v ∈ K. (6)

Inequality of the type (6) is known as the general inverse variational inequality,
see [41, 42].

(6) If K∗ = {u ∈ H : ⟨u, v⟩ ≥ 0, ∀v ∈ K} is a polar cone of a convex cone K in
H, then problem (6) is equivalent to findingu ∈ H such that

g(u) ∈ K, u ∈ K∗, and ⟨u, g(u)⟩ = 0, (7)

which is known as the general inverse complementarity problem. We note that
if g(u) = u − m(u), where m is a point-to-point mapping, then problem(7) is
called the inverse quasi(implicit) complementarity problem.

It is clear that problems (3)-(7) are special cases of the general mixed inverse quasi
variational inequality (1). In brief, for a suitable and appropriate choice of the oper-
ators T, g, φ(., .) and the space H, on can obtain a wide class of inverse variational
inequalities and complementarity problems. This clearly shows that problem (1) is
quite general and unifying one. It is an open problem to explore the applications of
the problem (1) and its variant forms in various branches of pure and applied sci-
ences such as equilibrium problems, machine learning, data analysis, traffic problems,
financial mathematics, risk analysis and optimization.

We also need the following concepts.

Lemma 2.1. ∀u, v ∈ H, we have

2⟨u, v⟩ = ||u+ v||2 − ||u||2 − ||v||2. (8)

Definition 2.1. ∀u, v, z ∈ H, an operator g : H → H is said to be:

(1) g-relaxed strongly monotone, if there exists a constant γ > 0 such that

⟨u− v, g(u)− g(v)⟩ ≥ −γ||g(u)− g(v)||2

(2) g-partially relaxed strongly monotone, if there exists a constant α > 0
such that

⟨u− v, g(z)− g(v)⟩ ≥ −α||g(u)− g(z)||2

(3) g-co-coercive, if there exists a constant µ > 0 such that

⟨u− v, g(u)− g(v)⟩ ≥ µ||u− v||2.
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We remark that, if z = u, then g-partially relaxed strongly monotonicity is exactly
g-monotonicity of the operator g. It can be shown that g-co-coercivity implies g-
partially relaxed strongly monotonicity but the converse is not true. This shows that
the concept of partially relaxed strongly monotonicity is weaker than co-coercivity.
We also need the following assumption regarding the bifunction φ(., .), which plays a
crucial part in the convergence analysis of the new iterative methods.

Assumption 2.1. The bifunction φ(., .) : H × H −→ R ∪ {∞} is said to be skew-
symmetric, if

φ(u, u)− φ(u, v)− φ(v, u) + φ(v, v) ≥ 0, ∀u, v ∈ H. (9)

We remark that, if φ(., .) is a bilinear function, then φ(., .) is nonnegative, that is

φ(u, u)− φ(u, v)− φ(v, u) + φ(v, v) = φ(u− v, u− v) ≥ 0, ∀u, v ∈ H.

It is worth mentioning that the points u, u), (u, v), (v, u), (v, v) make up a set of the
four vertices of the square. In fact, the skew-symmetric bifunction φ(., .) can be written
in the

1

2
φ(u, u) +

1

2
φ(v, v) ≥ 1

2
φ(u, v) +

1

2
φ(v, u), ∀u, v ∈ H.

This shows that the arithmetic average value of the skew-symmetric bifunction cal-
culated at the north-east and south-west vertices of the square is greater than or
equal to the arithmetic average value of the skew-symmetric bifunction computed at
the north-west and south-west vertices of the same square. The skew-symmetric bi-
function have the properties which can be considered an analogs of monotonicity of
gradient and nonnegativity of a second derivative for the convex functions. For the
properties and applications of the skew-symmetric bifunction, see Noor [30, 31].

3. Main Results

In this section, we suggest and analyze a new iterative method for solving the problem
(1) by using the auxiliary principle technique of Glowinski et al. [14]. This technique
deals with finding the auxiliary variational inequality and proving that the solution of
the auxiliary problem is the solution of the original problem by using the fixed-point
approach. Glowinski et al. [14] used this technique to study the existence of a solution
of mixed variational inequalities. Noor [30–32, 36] and Noor et al.[45, 47, 48] have used
this technique to suggest some predictor-corrector methods for solving various classes
of variational inequalities and related problems. It is well known [36] that a substan-
tial number of numerical methods can be obtained as special cases from this technique.

For a given u ∈ H satisfying (1), consider the problem of finding a unique
w ∈ H such that

⟨ρu+ g(w)− g(u), g(v)− g(w)⟩+ ρφ(g(v), g(u))− ρφ(g(u), g(u)) ≥ 0, ∀v ∈ H, (10)

where ρ > 0 is a constant, is called the auxiliary general mixed inverse quasi variational
inequality.

5



188	 International Journal of Mathematics, Statistics and Operations ResearchInter. J. Math., Statistics and Operations Research M. A. Noor and K. I. Noor

We use the auxiliary problem (10) to discuss the existence of a solution of the problem
(1).

Theorem 3.1. Let the operator g be Lipschitz operator with constant σ. If

ρ < 1− σ, σ < 1. (11)

then there exists a unique solution of the problem (1).

Proof. We use the auxiliary principle technique to prove the existence of a solution
of (1).
It is clear that (10) defines a mapping w connecting the both problems (1) and (10). To
prove the existence of a solution of (1), it is enough to show that the mapping w defined
by (10) is a contraction mapping. Let w1 ̸= w2 ∈ H (corresponding to u1 ̸= u2)
satisfy the auxiliary problem (10). Then

⟨ρu1 + g(w1)− g(u1), g(v)− g(w1)⟩
+ρφ(g(v), g(u1))− ρφ(g(u1), g(u1)) ≥ 0, ∀v ∈ H, (12)

⟨ρu2 + g(w2)− g(u), g(v)− g(w2)⟩
+ρφ(g(v), g(u2))− ρφ(g(u2), g(u2)) ≥ 0, ∀v ∈ H, (13)

Taking v = w2 in (12), v = w1 in (13), using skew symmetry of the bifunction φ(., .)
and adding the resultant, we have

∥g(w1)− g(w2)∥2 = ⟨g(w1)− g(w2), g(w1)− g(w2)⟩
= ⟨g(u1)− g(u2)− ρ(u1 − u2), g(w1)− g(w2)⟩
≤ ∥g(u1)− g(u2)− ρ(u1 − u2)∥∥g(w1)− g(w2)∥ (14)

From (14), we have

∥g(w1)− g(w2)∥2 ≤ ∥g(u1)− g(u2)− ρ(u1 − u2)∥∥g(w1)− g(w2)∥,

which implies, using the Lipschitz continuity of the operator A with constant σ > 0,
that

∥g(w1)− g(w2)∥ ≤ ∥g(u1)− g(u2)− ρ(u1 − u2)∥ ≤ ∥g(u1)− g(u2)∥+ ρ∥u1 − u2∥
≤ (σ + ρ)∥u1 − u2∥ = θ∥u1 − u2∥,

where

θ = σ + ρ.

Since θ < 1, from (12), it follows

∥g(w1)− g(w2)∥ ≤ 0.

Thus

lim
n→∞

g(w1) = lim
n→∞

g(w2) ⇒ w1 = w2,

6
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This shows mapping w defined by the relation (10)is a contraction mapping and
consequently, it has a fixed point w(u) = u ∈ H satisfying the problem (1).

We note that, if w = u, then clearly w is a solution of the general mixed inverse
quasi variational inequality (1). This observation enables us to suggest the following
iterative method for solving the general mixed inverse quasi variational inequalities
(1).

Algorithm 1. For a given u0, compute the approximate solution un+1 by the iterative
scheme

⟨ρwn + g(un+1)− g(wn) , g(v)− g(un+1)⟩+ ρφ(g(v), g(un+1))

−ρφ(g(un+1), g(un+1)) ≥ 0, ∀v ∈ H (15)

⟨βyn + g(wn)− g(yn) , g(v)− g(wn)⟩+ βφ(g(v), g(wn))

−βφ(g(wn), g(wn)) ≥ 0, ∀v ∈ H, (16)

and

⟨ηun + g(yn)− g(un) , g(v)− g(yn)⟩+ µφ(g(v), g(yn))

−µφ(g(yn), g(yn)) ≥ 0, ∀v ∈ H. (17)

where ρ > 0 , η > 0 and β > 0 are constants.

Note that if g ≡ I, the identity operator, then Algorithm 1 reduces to:

Algorithm 2. For a given u0, compute un+1 by the iterative scheme

⟨ρwn + un+1 − wn, v − un+1⟩+ ρφ(v, un+1)− ρφ(un+1, un+1) ≥ 0, ∀v ∈ H,

⟨βyn + wn − yn, v − wn⟩+ βφ(v, wn)− βφ(wn, wn) ≥ 0, ∀v ∈ H

and

⟨ηun + yn − un, v − yn⟩+ µφ(v, yn)− µφ(yn, yn) ≥ 0, ∀v ∈ H.

Algorithm 2 appears to be a new one for solving mixed inverse quasi variational
inequalities (3).

If φ(v, u) is a proper, convex and lower-semicontinuous differentiable function with
respect to the first argument, then Algorithm 1 collapses to:

Algorithm 3. For a given u0, compute un+1 by the iterative scheme

g(un+1) = Jφ(un+1)[g(wn)− ρwn],

g(wn) = Jφ(wn)[g(yn)− βyn],

g(yn) = Jφ(yn)[g(un)− ηun], n = 0, 1, 2 . . . ,

7
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where Jφ(u) ≡ (I + ρ∂φ(., u))−1 is the resolvent operator associated with the subdiffer-
ential ∂φ(., u) of the bifunction φ(., .), see [19].

If the function φ(., u), ∀u ∈ H, is the indicator function of a closed convex-valued
set K(u) ⊆ H, then Algorithm 1 reduces to the following method for solving general
inverse quasi variational inequalities (6).

Algorithm 4. For a given u0, compute un+1 by the iterative schemes

⟨ρwn + g(un+1)− g(wn), g(v)− g(un+1)⟩ ≥ 0, ∀v ∈ K(u)

⟨βyn + g(wn)− g(yn), g(v)− g(wn)⟩ ≥ 0, ∀v ∈ K(u)

and

⟨ηun + g(yn)− g(un), g(v)− g(yn)⟩ ≥ 0, ∀v ∈ K(u)

which is equivalent to:

Algorithm 5. For a given u0, compute un+1 by the iterative scheme

g(un+1) = ΠK(un+1)[g(wn)− ρwn],

g(wn) = ΠK(wn)[g(yn)− βyn],

g(yn) = ΠK(yn)[g(un)− ηun], n = 0, 1, 2 . . . ,

where Jφ(u) ≡ (I + ρ∂φ(., u))−1 is the resolvent operator associated with the subdiffer-
ential ∂φ(., u) of the bifunction φ(., .).

For K(u) = K, closed convex set, Algorithm 4 and Algorithm 5 reduce the following
algorithm for solving the general inverse variational inequalities.

Algorithm 6. For a given u0, compute un+1 by the iterative schemes

⟨ρwn + g(un+1)− g(wn), g(v)− g(un+1)⟩ ≥ 0, ∀v ∈ K

⟨βyn + g(wn)− g(yn), g(v)− g(wn)⟩ ≥ 0, ∀v ∈ K

and

⟨ηun + g(yn)− g(un), g(v)− g(yn)⟩ ≥ 0, ∀v ∈ K.

which is equivalent to

Algorithm 7. For a given u0, compute un+1 by the iterative scheme

g(un+1) = ΠK [g(wn)− ρwn],

g(wn) = ΠK [g(yn)− βyn],

g(yn) = ΠK [g(un)− ηun], n = 0, 1, 2 . . . ,

8
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where ΠK is the implicit projection of H onto the closed convex set K.

For a suitable choice of the operators and the space H, one can obtain various new
and known methods for solving variational inequalities and complementarity problems.

For the convergence analysis of Algorithm 1, we need the following result.

Lemma 3.1. Let ū ∈ H be the exact solution of (1) and un+1 be the approximate
solution obtained from Algorithm 1. If the operator g : H −→ H is a g- partially
relaxed strongly monotone operator with constant α > 0, and the bifunction φ(., .) is
skew-symmetric, then

∥g(un+1)− g(ū)∥2 ≤ ∥g(wn)− g(ū)∥2 − (1− 2αρ)∥g(un+1)− g(wn)∥2 (18)

∥g(wn)− g(ū)∥2 ≤ ∥g(yn)− g(ū)∥2 − (1− 2αβ)∥g(wn)− g(yn)∥2 (19)

∥g(yn)− g(ū)∥2 ≤ ∥g(un)− g(ū)∥2 − (1− 2αµ)∥g(yn)− g(un)∥2. (20)

Proof. Let ū ∈ H be solution of (1). Then

⟨ρū, g(v)− g(ū)⟩+ ρφ(g(v), g(ū))− ρφ(g(ū), g(ū)) ≥ 0, ∀v ∈ H, (21)

⟨βū, g(v)− g(ū)⟩+ βφ(g(v), g(ū))− βφ(g(ū), g(ū)) ≥ 0, ∀v ∈ H, (22)

and

⟨ηū, g(v)− g(ū)⟩+ µφ(g(v), g(ū))− µφ(g(ū), g(ū)) ≥ 0, ∀v ∈ H, (23)

where ρ > 0, β > 0 and η > 0 are constants.
Now taking v = un+1 in (21) and v = ū in (12), we have

⟨ρT ū, g(un+1)− g(ū)⟩+ ρφ(g(un+1), g(ū))− ρφ(g(ū), g(ū)) ≥ 0 (24)

and

⟨ρTwn + g(un+1)− g(wn), g(ū)− g(un+1)⟩ + ρφ(g(ū), g(un+1))

− ρφ(g(un+1), g(un+1)) ≥ 0. (25)

Adding (24) and (25), we have

⟨g(un+1)− g(wn), g(ū)− g(un+1)⟩
≥ ρ⟨wn − ū, g(un+1)− g(ū)⟩
+φ(g(ū), g(ū))− φ(g(ū), g(un+1))− φ(g(un+1), g(ū))

+φ(g(un+1), g(un+1))

≥ −αρ||g(un+1)− g(wn)||2, (26)

where we have used the fact that g is g-partially relaxed strongly monotone with
constant α > 0 and the skew-symmetry of the bifunction φ(., .).

9
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Setting u = g(ū)− g(un+1) and v = g(un+1)− g(wn) in (9), we obtain

⟨g(un+1)− g(wn), g(ū)− g(un+1)⟩ =
1

2
{||g(ū)− g(wn)||2 − ||g(ū)− g(un+1)||2

−||g(un+1)− g(wn)||2.} (27)

Combining (25) and (27), we have

||g(un+1)− g(ū)||2 ≤ ||g(wn)− g(ū)||2 − (1− 2αρ)||g(un+1)− g(wn)||2,

the required (18).
Taking v = ū in (20) and v = wn in (22), we have

⟨βū, g(wn)− g(ū)⟩+ βφ(g(wn), g(ū))− βφ(g(ū), g(ū)) ≥ 0 (28)

and

⟨βyn + g(wn)− g(yn), g(ū)− g(wn)⟩ + βφ(g(ū), g(wn))

− βφ(g(wn), g(wn)) ≥ 0. (29)

Adding (28) and (29) and rearranging the terms, we have

⟨g(wn)− g(yn) , g(ū)− g(wn)⟩ ≥ β⟨Tyn − T ū, g(wn)− g(ū)⟩+ φ(g(ū), g(ū))

−φ(g(ū), g(wn))− φ(g(wn), g(ū)) + φ(g(wn), g(wn))

≥ −βα||g(yn)− g(wn)||2, (30)

since g is a g-partially relaxed strongly monotone operator with constant α > 0 and
φ(., .) is a skew-symmetry.

Now taking v = g(wn)− g(yn) and u = g(ū)− g(wn) in (9), (30) can be written as

||g(ū)− g(wn)||2 ≤ ||g(ū)− g(yn)||2 − (1− 2βα)||g(yn)− g(wn)||2,

the required (19).
Similarly, by taking v = ū in (20) and v = un+1 in (25) and using the g-partially
relaxed strongly monotonicity of the operator T , and using the skew-symmetry of the
bifunction φ(., .),we have

⟨g(yn)− g(un), g(ū)− g(yn)⟩ ≥ −ηα||g(yn)− g(un)||2. (31)

Letting v = yn − un, and u = ū − yn in (9), and combining the resultant with (31),
we have

||g(yn)− g(ū)||2 ≤ ||g(ū)− g(un)||2 − (1− 2ηα)||g(yn)− g(un)||2,

the required (20).

Theorem 3.2. Let ū ∈ H be a solution of (1) and un+1 be the approximate solution
obtained from Algorithm 3.1. If H is a finite dimensional space, g is an injective map
and 0 < ρ < 1/2α, 0 < β < 1/2α, 0 < η < 1/2α, then limn→∞ un = ū.

10
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Proof. Let ū ∈ H be a solution of (1). Then, from (18), (19) and (20), it follows
that the sequences {∥g(un)− g(ū)∥}, {∥g(yn)− g(ū)∥} and {∥g(wn)− g(ū)∥} are
nonincreasing and consequently the sequences {wn}, {yn} and {un} are bounded and

∞∑
n=0

(1− 2αρ)∥g(un+1)− g(un)∥2 ≤ ∥g(w0)− g(ū)∥2

∞∑
n=0

(1− 2αβ)∥g(wn)− g(un)∥2 ≤ ∥g(y0)− g(ū)∥2

∞∑
n=0

(1− 2αµ)∥g(yn)− g(un)∥2 ≤ ∥g(u0)− g(ū)∥2,

which implies that

lim
n→∞

∥g(un+1)− g(wn)∥ = 0

lim
n→∞

∥g(wn)− g(yn)∥ = 0

lim
n→∞

∥g(yn)− g(un)∥ = 0.

Thus

lim
n−→∞

∥g(un+1)− g(un)∥ = lim
n−→∞

∥g(un+1)− g(wn)∥+ lim
n−→∞

∥g(wn)− g(yn)∥

+ lim
n−→∞

∥g(yn)− g(un)∥ = 0. (32)

Let û be the cluster point of {un} and the subsequence {unj} of the sequence {un}
converge to û ∈ H. Replacing wn and yn by unj in (18),(19) and (20), taking the limit
nj −→ ∞ and using (32), we have

⟨T û, g(v)− g(û)⟩+ φ(g(v), g(û)))− φ(g(û), g(û)) ≥ 0, ∀v ∈ H,

which implies that û solves the general mixed inverse quasi variational inequality (1)
and

∥g(un+1)− g(ū)∥2 ≤ ∥g(un)− g(ū)∥2.

Thus it follows from the above inequality that the sequence {un} has exactly one
cluster point û and

lim
n→∞

g(un) = g(û).

Since g is invertible, so

lim
n→∞

(un) = û,

the required result.

Using the technique and ideas of this paper, one can consider the convergence
criteria of other Algorithms with suitable and appropriate modifications.

11



194	 International Journal of Mathematics, Statistics and Operations ResearchInter. J. Math., Statistics and Operations Research M. A. Noor and K. I. Noor

Conclusion: In this paper, we have considered and studied a new class of general
mixed inverse quasi variational inequalities involving some arbitrary different opera-
tors. The auxiliary principle technique is used to suggest and propose some three step
iterative for solving these inverse quasi variational inequalities. Making use of the
skew symmetry of the involved bifunction φ(., .), convergence criteria of the proposed
iterative method is considered. Several important special cases are also pointed out.
We would like to point out that very few numerical methods are available for solving
general mixed inverse quasi variational inequalities. In spite of these activities, further
efforts are needed to develop numerical implementable methods. We expect that the
ideas and techniques of this paper will motivate and inspire the interested readers
to explore the applications of general inverse quasi variational inequalities in various
fields such as asymptotic control, equilibrium, traffic equilibrium problem, designing
solar panels, sensing, medical sciences, finance, and image in painting .
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